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ROTATIONAL MOTION OF LINEAR MOLECULES
IN THREE DIMENSIONS: A PATH-INTEGRAL
MONTE CARLO APPROACH

D. MARX
Institut fiir Physik, Universitdt Mainz, Staudinger Weg 7, D-55099 Mainz, FRG

(Received January 1993, accepted June 1993)

A path-integral Monte Carlo (PIMC) simulation method for the rotational motion of linear molecules in
three dimensions is presented. The technique is applied to an H, impurity in a static crystal-field. The
resulting orientational distributions from quantum and classical simulations are obtained and discussed.
The algorithm suffers from the “sign problem” of quantum simulations. However, as can be seen by
comparing the low temperature simulation result to the variational solution of the Schrédinger equation,
the PIMC method captures the quantum fluctuations.

KEY WORDS: Path-integral Monte Carlo simulation, rotations, linear molecules, quantum effects, sign
problem

I INTRODUCTION

During the last decade, path-integral Monte Carlo (PIMC) methods [1-8] have
become practical and powerful tools for studying finite-temperature many-body
quantum systems starting from a microscopic description. However, most of the
effort concerning continuous degrees of freedom was put in the development of
PIMC methods to deal with translations, for a recent review see Reference 8. In
case of molecules, “internal quantum states” [9-16] as e.g. rotational degrees of
freedom [14-16] are relevant in addition to the translations. Rossky and coworkers
[18] did include rotational motion in their PIMC treatment of water, but since they
simulated at ambient temperatures they included rotations only on the quasiclas-
sical level keeping quadratic quantum fluctuations via the van Vleck-Pauli-Morette
determinant. Recently, quantum H, was investigated under various aspects [19, 20],
but the molecule was represented in the fused-atom-approximation as a single
structureless interacting site so that only the translations were quantized in these
PIMC simulations. In many real systems, the molecular center of mass is confined
to regular lattice sites and the molecules perform rotations in this translationally
frozen-in situation [17]. Especially molecular adsorbates [21,22] as H, isotopes
[23-29] or N,[16,17,30-40] on graphite show registered phases with frozen-in posi-
tions of the center of mass. Only at quite low temperatures, the molecular axes
order and the system undergoes a phase transition from an orientationally disordered
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high-temperature phase to the orientationally ordered behavior; the centers of mass
stay in the vicinity of this phase transition at the lattice positions of the registered
structure. Since such transitions of non-translational degrees of freedom occur at low
temperatures, quantum fluctuations are expected to affect the transition temperature
[16]. In addition, it is well established that mean-field approximations fail to predict
quantitatively properties of such low-dimensional systems, as e.g. shown for a specific
model adsorbate in References {9, 10}.

Considering this situation, a molecular simulation approach [41] to non-
translational degrees of freedom is desirable in the framework of quantum simula-
tions. A linear rigid molecule with one rotational degree of freedom corresponds
to a particle restricted to move on a circle, whereas the same molecule with two
rotational axes is a particle confined to a sphere. Since the definition of the path-
integral itself is strongly dependent on the manifold on which the integration is
performed [42,43], the path-integrations on the circle or on the sphere deserve special
care [43). Recently, we proposed [14,15] a PIMC method for linear molecules
confined to rotate in two dimensions (2D), i.e. for 2D rotators, which was applied
to the investigation of quantum effects in a realistic interacting adsorbate of many
molecules [16]. It seems that PIMC is the most promising technique for the inves-
tigation of the influence of quantum fluctuations on phase transitions occuring at
non-zero temperatures [8] beyond mean-field-like approaches.

In the present paper, a first attempt is made towards the description of rotational
motion of rigid linear molecules in 3D, i.e. 3D rotators, in the framework of PIMC
simulations. This again requires to formulate a new version of PIMC appropriate
to incorporate angular momentum operators that is quite distinct from the PIMC
for 2D rotators or translational degrees of freedom. Formulation and exploration of
this novel method is the aim of the present work. We describe the technique in detail
and apply it to H, in a static crystal-field {44]. The path-integral formulation suited
for PIMC simulations is introduced in Section 11, the numerical techniques are
presented in Section III and the application to a model is discussed in Section V.
In the last section, we summarize and give an outlook on possible future work in
this direction.

IT FORMULATION OF THE PATH-INTEGRAL

To describe one-particle rotational motion of rigid linear molecules, we consider in
the following the standard Hamiltonian

A

2
H 57 + V(Q) )
with the usual definitions of the angular momentum operator L\LMy = r?
L(L + 1)|LM) and Q|Q) = Q2{2) where @ denotes the angles (¢,9); I is the
moment of inertia. The potential energy V has to have the inherent symmetry of the
rotator and may be chosen arbitrarily otherwise. We discretize the partition function
Z{B) = Tr exp{ —BH] using the Trotter theorem [42,43] in angle-space

Z(B) = lim ﬁ Bdﬂ“’]ﬁ* Kp(s,s + 1)

Poo oy s=1
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P

72
Ko(s,s+1) = (Q“’Iexp[— %%]exp[—% V(Q)] lﬂ‘””), )

where Kp(s,s + 1) denotes the high-temperature propagator matrix element. Due to
the trace operation, the angular paths are closed Q¥ *" = Q" as in the case of
translational path-integrals which is indicated by the star. Thus, the well known
“polymer language” [2,3,6] can be used: the whole path can be viewed as a ring-
polymer, this time in angle-space, and the individual angles @’ are the “beads” of
the “necklace”.

At this place, a comment concerning the applicability of the Trotter decomposition
in the framework of polar coordinates [45,43] should be given. In case of a general
potential expressed in polar coordinates V(r,Q), the direct discretization of the
path-integral in the polar representation does not lead to the correct propagator,
as is well known [43]. In this representation, the decomposition with the high-
temperature propagators breaks down in the limit  — 0 which occurs necessarily in
the P-fold integration of the form {¢dr even in the P — oo limit. The solution {45]
is to decompose the action in cartesian coordinates and then to transform to polar
coordinates. This leads [43] for radially symmetric potentials ¥(r) to the Bessel-
measure instead of the Wiener-measure for cartesian coordinates. Since we are
interested in a rigid rotator, our potential is of the type V(R, Q) = V(Q), i.e. the
radial coordinate r is fixed to be the (bond—) length R > 0 of the rotator, and
the Trotter decomposition can be applied without convergence problems in angle-
space; together with the reduced mass u, R is then absorbed in the moment of
inertia 1.

After having discussed the applicability of the Trotter decomposition in our
case, the high-temperature propagators K,(s,s + 1) connecting two neighboring
imaginary time-slices have to be evaluated. The natural choice is to use angular
momentum eigenfunctions Iy _ 5 _ _, |LM){LM| = 1 which give as angle projec-
tions (Q|LM) = Y,,,(Q) the spherical harmonics. In this representation, the matrix
elements

o L 27 ) (] ()
KP(S,S+ 1) = Z Z exp [_ ﬁ[w + 1 V(Q(HI))H

L(s) =0 M(x) = _L(s) ZIP 1_)
X Y,_(s),p,(s)(ﬂ(s+ ”) . thM(s) (Qm) (3)
can be further simplified using the usunal addition theorem for spherical harmonics
2L + 1 <
{ - JPL(cos YD) = DL V(0 D) - ¥2,(09) @
M=—-L

with the relative angle
cos Y D =cos 3¢ cos 9 + sin 3¢ sin 39 cos(pC T — o) (5)

between two time-slices. Thus after summing over the {M“}, the K, may be
expressed as
z RALO(LY + 1)
K , S + 1) = —_ PR
s+ 1) = 2 exp[ ﬁ{ 21P

LGY=0
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1 2LY |
- E In {T PL(s)(COS ‘y(s's+ ”)

1 s+ 1
+3viaen] ], ©®

where the Legendre polynomials are put as a “Legendre-potential” in the pseudo-
Boltzmann factor. Since —1 < P,(cos v) <1 and the Legendre polynomials of
degree L have as many zeros, sign and absolute value of the argument of the
logarithm have to be separated

2L 4 1

Inf——— P,_(s)(COS ‘y(s‘s+ ”):\ = 111\:
4

2L 4 1
T lPL(s)(COS ‘Y(s’s+ l)) ‘:!

+ i3(s,s + 1) 0

introducing a phase exp[id(s,s + 1)] = sign{P,w(cos v***1)] in the pseudo-
Boltzmann factor. This term will give rise to the “sign problem” [46,47] as will be
discussed later. Finally, the path-integral formulation of a linear molecule in an
external field

2(g) = tim 1 Udﬂ“’ 3 ]exp{ii*é(s,s+ 1)]

s=1 LW =9 s=0

o [RPLO (LY + 1
o[- [P E D

—=In o

B
o]

can be written down for any suited rotational potential V().

The formulation given in (8) reduces in the free case V() = 0 immediately to the
partition function for the quantum mechanical linear rotator in three dimensions [48].
The term oL (L + 1) can be identified directly and the Legendre-potential gives
together with the addition theorem and the P-fold integration over {Q“’} only
Kronecker-deltas in L and M. The classical limit, corresponding to [L V(Q)] =0,
can be obtained from (8) by setting P = 1: the Legendre-potential becomes trivial
P, (cos(y"") =1, and the L-summation can be replaced by an integral.

It can be shown that expression (8) may also be derived starting from the general
path-integral in polar coordinates [43]

2 —-2/3
Z'(B) = lim H {[Zﬁl BJ S dr“)r“’zjm“)ﬁr}
P 0

1120 + 1
{:——— ‘PLm(COS ‘y(s'“'”)l:l

P—o oo

P L&)
H * mh'B vz Z‘” Z
x ZP (S)pls+ 1)
s=1 ure'r LT =9 M) = —(s)
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P, r(S)r(s +1)
X {IL“’ +172 (—#ZEB—‘) Y opo (254 Yopo (RO )}jl

P
Py 2 2 1 -
X ex _ B *[___q r(s) + r(:+l) + = Vi r(s)’Q(s) jH’ 9

if the radial coordinates {r*'} in (9) axe fixed to R; I,(z) denotes the Bessel func-
tions. Semilarly as done in Reference [49], one has to replace the full potential by
the following expression

exp[— _g Z f/(r(s)’Q(S))} o exp]:—% Z V(Q(s))} II s(+~R) (0

s=1 s=1 s=1

to enforce that the radial coordinates {r*'} are restricted to the length R of the
molecule at each time-slice. After performing the now trivial integrations {7’} the
exact Bessel functions with fixed R > 0

PuR?)  (22PuR®) - RL(L+1) PuR
1L+1/2{hp;BJ~( h?_g J exp [_B[ ZPV'RZ - hliﬁz :’J (ll)

can be replaced by their asymptotic expansion [50] in the limit P — oo, However, this
derivation is more cumbersome, whereas is it more natural and illustrative to start
directly from the angle-dependent potential V' (2) using the Trotter decomposition
is angular space.

It is very interesting to compare the obtained representation for the 3D linear
rotator with the corresponding result for the 2D case and path-integrals in cartesian
coordinates [42,43]. The potential connecting two neighboring imaginary time-slices,
i.e. two beads of the necklace, is much more complicated than in the other two
cases. Instead of being just harmonic o« P (x* — x**")2/8% it now consists of the
logarithm of a Legendre polynomial evaluated at the relative angle y“** " between
the two angles @ and Q“*" and additionally depends on the local L-state of the
(s,s + 1)—bond. The Legendre-potential

1 2L + 1
Z(x) 3 ln[ 47r

diverges for L > 0 at the zeros of the polynomials. Upon crossing such a divergence
(in the MC scheme), a sign change in the integrand of the path-integral is induced
by the phase 8(s,s + 1), see Figure 1. These divergences in the measure of the 3D
rotational path-integral find their correspondence in the nodal lines of the wave-
functions in Schrodinger’s representation: there exist angle configurations for which
the integrand of the path-integral has to vanish. In the language of statistical
mechanics, these configurations have “no weight” in (qQquantum-) thermal averages, i.e.
such configurations will be excluded from the Markov-chain built up during a PIMC
simulation. Other relative directions, where the Legendre-potential is minimal, have
on the other hand a high weight. In the free case at very low temperatures, where
{L® = 0}-configurations have the most weight, the relative orientations of the
angles along the Trotter axis do not play a role any more and a spherically symmetric
distribution along this direction arises. Being L-independent, the external potential
V imposes nevertheless preferred angle directions on the rotator so that for L) > 0

IPL(X)lJ (12)



19: 33 14 January 2011

Downl oaded At:

38 D. MARX

{a) 10¢ 1 l m
|
8F + - +
— 6F / /
X E / \\ / \
— g / \
Nk / \
= T \
g L=2
3 {a}
0t
E
o U S SO S U U SN Y N N U T S U SRS SO G GO S |
-10 -05 0 05 10
X

LK)

(b) 10 !
L - + - |+
6

S SN S ST S S T GO S HNNY VAN RS S MY S SRS S SO N O

-10 -05 0 05 10
X

Figure 1 Legendre-potential £ (x), see text, for § = 2K~!; where ‘4’ and ‘—' mark the sign of P;(x).
Q)L =2.(b) L =5.

aspherical angle distributions emerge due to the interplay of external potential and
L-dependent Legendre-potential.

A deep difference in the concept of 2D and 3D rotational path-integrals stems from
the topology of the manifold underlying the integration [42,43]. The 2D rotator is
defined on the circle S' whereas the 3D rotator on the sphere S°. The S? is a simply
connected manifold, i.e. in the path-integration a// paths (i.e. angle configurations
{2*}) can be transformed into each other by purely local/ moves. For the simu-
lation algorithm, this means that in principle (for infinitely long simulation times)
only local changes of the dynamical variables {Q“] are sufficient to reach any
point on the S? and as such to carry out the complete path-integration properly;
this purely local motion is diffusive and may become unacceptably slow at low
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temperatures [8], but this is a technical and not a fundamental point. It should be
noted that the P discrete pseudo-quantum numbers {L*'} are local variables in
imaginary time as of course the angles themselves. With respect to the manifold, path-
integrals in cartesian coordinates can also be carried out numerically using strictly
local MC moves. In the framework of PIMC, 2D rotational motion is introduced
only recently in Reference [14] and discussed in detail in Reference [15]. In this case,
the integration manifold S' consists of infinitely many homotopy classes indexed by
a discrete winding number n =0, + 1, + 2, .... Paths in two different classes
cannot be transformed into each other just by local moves. Thus the winding number
can be viewed as a global property of the whole path and in this sense, contrary to
the { L9}, as a non-local variable. As a consequence, changing the winding number
of a path, i.e. changing the homotopy class, involves non-local moves in the MC-
algorithm [14,15] which are in a sense similar to the moves in Worldline-MC (4] for
quantum-spin systems on a lattice or permutation moves [51] in the simuiation of
many-boson systems. This means that one can only change the winding number of
a path with also changing simultaneously the configuration of its variables. It should
be noted explicitly that the P discrete variables [L“'] emerging from quantum
numbers in the 2D case have nothing in common with the winding number n of the
2D rotator which arises due to a Poisson-transformation [42,43, 15] of the quantum
number representation.

III PATH-INTEGRAL MONTE CARLO TECHNIQUE AND MODEL
POTENTIAL

In order to use (8) for numerical purposes in a PIMC simulation, one has to separate
sign and absolute value of the integrand [46,47]. We define averages of estimators
{O©) introducing the positive measure

3]

LS =0

P 27 () (s)
RLY(LY + 1
’“”‘P{“*Z*[——(ﬁ—)
s=1

,
(0)Y) = (2*)~" lim []
P—

®s=1

1 2L 41
Eln [T 'PL(S)(COS ‘y(S’S'H)) ,}
1

+p V(Q(:H))}Je’ (13)

where the partition function (8) without the phase factor exp[iL™_ ,*8(s,s + 1))
serves now as the proper normalization Z‘*’. Using this definition, one can express
the averages without any approximation as

" 555 + 1)]0)(”

*

(exp[izs
(e {12:15(s,s + 1)} )M

(0> = , (14)



19: 33 14 January 2011

Downl oaded At:

40 D. MARX

where the division by the mean sign of the configurations assures the correct
averaging [46,47]. The sign problem [46,47] comes in case of the 3D rotators from
an up to now unknown corner: it stems from the orientationally dependent Legendre-
potential < in the pseudo-Boltzmann factor. If the relative orientation of two
neighboring angles is changed in such a way that the corresponding Legendre-
polynomial changes its sign, this sign change is transferred on the integrand of the
path-integral.

The Legendre-potential as defined in (12) is temperature dependent, but taking
into account the multiplication by 8 in the pseudo-Boltzmann factor, this means
that this term does not contribute explicitely to the total energy of the rotator.
Correspondingly, energy

P

(E) = <}, Y [OL(Lw + 1) + Vm‘”)]) (15)

s=1
and heat capacity

(C) = B{(E?) - (E)] (16)

do not possess any extra terms [12] which result in case of a temperature dependent
effective Hamiltonian. The Legendre-potential influences only indirectly the energy
via the selection of the angle configurations which are not allowed due to the
divergence of this potential for P, (cos v) = 0.

Similarly to the 2D algorithm [14,15], local and global moves of the angles are
performed and to improve the statistics 500 independent rotators were treated in
parallel. A local move consists in an attempted change of just one bead 2% by a
random angle increment, whereas in global moves a fragment of the path {Q% ...
Q® .. Q¢*N) with random length f =2, , 3, ... P is chosen to be displaced. In
addition to the P-fold Q-integration on the 52, also the P-fold summations over
the “local quantum numbers” {L*'} have to be performed. The local quantum
numbers axe tried to be changed by %! only and the choice L“> <0 is not
allowed. In the MC loop, the type of move is selected at random, and the relative
weight of 47%/6%/47% for local/global L-moves allows an efficient sampling of
configurations. During one sweep over the 500 rotator system, the type of the move
was the same for all rotators, but it was chosen at the beginning of each sweep at
random. Together with the relative weights of the moves, this defines one MC steps.

The evaluation of the Legendre-potential needs some special attention. It is known
that the Legendre-polynomials can be evaluated also for high degrees most reliably
using the numerically stable [52] recursion relations [50]. But this procedure of recur-
sively evaluating the functions would completely slow-down the algorithm for the
required large L-values, if done in every MC step. We tabulated on a fine grid the
Legendre-potentials defined by the first 50 Legendre-polynomials keeping also track
on their sign and parity. However, for L = 50 we use an asymptotic expansion [50]

2 12 3 1 T
P, {(cos v) ~ L’Lsiny} [1 - §ZJ cos {(L + 5}7 - Z} (17

for large L and calculate the corresponding Legendre-potential directly in the simu-
lation. Already for L = 20 this asymptotic L-expansion is on the scale of the variation
of the function extremely accurate as compared to the exact result.
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The Trotter number was P = 240 at SK and P = 10 at 200K for the quantum
simulations; such simulations were also performed for 20, 50, and 70K. All simu-
lations were started from the high temperature limit, i.e. with random orientations.
Even implementing a vectorized code yielding 160 MFLOPS with P = 240, we needed
in the low temperature quantum simulations = 40 CPU hours for 400 000 MC steps
where 40 000 MC steps were used to equilibrate the system; for the definition of our
MC steps see above and all performance data are given for a CRAY-YMP. This is
only a factor of not even 1.6 slower than in the 2D case: on the one hand, there
are much more local degrees of freedom in the 3D rotator (two angles and one
discrete variable per bead), but the time consuming “superglobal” move to sample
the winding number and thus the sum over the homotopy classes of the circle is not
present. The classical P = 1 counterpart with 1000000 MC steps needs only = 0.5
hours CPU time for the 500 rotators. This corresponds to a speed per second of
=~ 270000 attempted moves per rotator, whereas in the quantum case, only 1300
attempted moves per rotator could be reached because “one quantum rotator consists
of P classical rotator beads”. However this is only a factor of 1/200 slower, and not
1/240 as expected from the ratio of the Trotter dimensions which has to do with the
better vectorization over-the “Trotter-loops” in the quantum simulations. The most
serious problem of the present algorithm is the extremely severe sign problem which
calls for a tremendous effort in MC steps and thus in computer time to sample
sufficient statistics: 400 000 MC steps are far from being enough to establish reliable
statistics.

As an application of the method, we treat an H, impurity in a strong static
crystal-field. Such a situation in a crystal with O, symmetry can be described using
the Devonshire-potential [44]. This potential plays the role of the genuine potential
for 3D rotational motion of linear molecules in a crystal as the Mathieu-potential
[44) does for 2D rotational motion. The Devonshire-potential may be written as

Vo(e, ) = — Eg{ [3 = 30cos?(8) + 35cos*(8) + Ssin*(d)cos(4e)]  (18)

which is apart from a constant the lowest nontrivial cubic function [44] K,,(Q) of
the problem. A potential with six minima in the {100)-directions of the cubic crystal
is obtained for the choice J > 0. The parameter J = 100 was chosen to model an
extremely anisotropic situation; © = A%/2] = 85.3 K [53] is the rotational constant
of H,. To be easily compared later on with the resulting angle distributions, the
corresponding Devonshire-potential is displayed in Figure 2. This may model an
anisotropic impurity as H, in a cubic argon matrix; a microscopic athermal treat-
ment of the N, case is discussed in Reference [54] and a low temperature technique
to study this problem in terms of a few-level approximation is given in Reference
[55]. Comparison of the potential arising from microscopic atom-atom interactions
of the impurity with the surrounding atoms in case of N, in Ar [54] shows that the
Devonshire-potential is a very good approximation to this situation. The range
between zero and extremely low temperatures of less than = 1 K can be studied with
available methods, see References [54, 55] and references therein. The crossover from
extreme quantum behavior to the classical regime is not yet accessible in approaches
beyond mean-field like techniques. Thus the presented PIMC formalism is the first
step towards closing this methodological gap.



19: 33 14 January 2011

Downl oaded At:

4 D. MARX

10
05
0
\\\ ™
i e
N \ N —_—
N\\‘\\“\\\“\\\\
\\\\\\\\‘\\\\\\\“\\\‘\\
¥ ‘\\\‘t\\\\\\\\\t\‘\\?\‘ -10
R
W < 100
ey
NS
S
&
50
o deg}

Figure 2 Devonshire-potential Vp (o, 8) as described in the text.

IV RESULTS AND DISCUSSION

In Figure 3 and Figure 4 the angle distributions P(¢, 9) using the positive measure
of an H, molecule in the Devonshire-potential shown in Figure 2 are displayed for
low (5§ K) and medium (200 K) temperatures; the quantum averages are presented in
(a), and the classical treatment with all other conditions identical to the quantum
simulation in (b). At 5K in Figure 3(a) one can clearly see the impact of quantum
mechanics on the angle distribution being dramatically different from the classical
case in (b). Classically, the molecules are oriented with very little dispersion in
the six (100)-directions: the distribution is extremely peaked around the corre-
sponding (¢, 3) combinations. The influence of the quantum fluctuations consists
in “weakening the potential barriers”, i.e. tunneling of the molecule allows for the
population of regions which are populated classically only with vanishing probability.
As a result, the quantum-mechanical angle distribution in Figure 3(a) is very smooth
as compared to the classical situation in (b).

The angle distribution generated with the complete path-integral measure corre-
sponds to the diagonal elements of the density matrix, or in the language of wave-
mechanics to the thermostatistically weighted sum over the spectrum of |¥,(¢, 8)|?
with ¥, being the wavefunction corresponding to the quantum index ». In the limit
T — 0 ground-state dominance is recovered and the sum over all quantum numbers
collapses and gives the ground-state properties. Thus as a check of the proposed
PIMC method, one can compare the angle distribution obtained by simulation at a
sufficient low temperature with the exact ground-state density |¥,|* from solving
the Schrédinger equation. This is done in Figure 5: we show for comparison the
quantity | ¥,(¢, 9)|* obtained by solving numerically the Schrédinger equation of
an H, molecule in the Devonshire-potential (18) using the Ritz-Galerkin variational
method [54]. The fact that this quantity agrees quite well with the simulation result
in Figure 3(a) at 5K shows that the presented PIMC method indeed describes the



19: 33 14 January 2011

Downl oaded At:

PIMC SIMULATION OF ROTATION 43

i
\Qi\{\\\\\\\\\\\}\}}g\\\\\g%&% \\\\\\\ I
\t\““\\t\ ”\‘\\\\

\\

\\\\\

‘\‘Q\\\“
\

=
S =
R T
T = e =
e
e
=

e
T

Sz

F15
(b)

Figure 3 Angle distribution P(¢, #) for H, in the Devonshire-potential, see text, at 5K and P = 240.
(a) Quantum averages. (b) Classical averages.

quantum nature of the rotational motion; considering the rotational constant of H,
we expect the rotator to be for practical purposes in its ground-state at 5 K.

The rotator becomes much more classical when rising the temperature, which is
visualized in Figure 4 for 200 K. The classical distribution (b) broadens because of
larger thermal excitations and become qualitatively similar to the quantum result (a).
But even at this temperature, one still can identify in the classical case orientations
with vanishing weight. This behavior is also found [14,15] in the strictly 2D system
of H, adsorbed on graphite where H, is represented as a 2D rotator: the classical
angle distribution at 5 K is dramatically different from the quantum behavior, whereas
they agree qualitatively as in the present case at 200 K. The angle distributions for
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Figure 4 Angle distribution P(e, 9) for H, in the Devonshire-potential, see text, at 200K and P = 10.
(a) Quantum averages. (b) Classical averages.

20, 50, and 70K are qualitatively very similar to the ones shown and are therefore
not presented.

With respect to the configurational properties, the proposed PIMC method pro-
duces the essential physics of quantum fluctuations and allows a direct comparison
with otherwise identical classical simulations. This appealing feature of the PIMC
methods allows to visualize, quantify and separate the influence of quantum effects
in a given model system. However, the algorithm suffers from an extremely severe
sign problem for all temperatures; in the investigated case the mean sign is typically
of the order of 10~%. This means that although being exact in principle, the reliable
calculation of quantities as energy and heat capacity is not possible with the present
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Figure 5 Square of the absolute value of the exact ground-state wavefunction | ¥, (e, 9) |2 for H, in the
Devonshire-potential, see text.

algorithm and statistics of the order of 10®*MC steps. The reason is that the mean
sign becomes very small because of the symmetric behavior of the Legendre-potential
concerning sign changes, see Figure 1. The exact expression for general observables
(14) exists, but statistical errors in calculating the very small mean sign call for an
enormous numerical effort in order to improve the statistics. However, configura-
tional properties as e.g. the angle distribution or derived quantities as orientational
order parameters are already accessible at this stage. Since the generalization of the
method for interacting many-body quantum systems is straightforward as in the 2D
rotator case {15, 16], the method could be used to investigate the effects of quantum
fluctuations on orientational phase transitions beyond the mean-field approximation.

V CONCLUSIONS

To summarize, a numerical method based on the path-integral representation for
linear molecules in three dimensions is proposed in order to investigate orientational
properties of such systems in an external field. Comparing low temperature simu-
lations, where the system is mainly in its ground-state, with variational ground-state
calculations shows that the introduced path-integral Monte Carlo method produces
the correct orientational distribution of a linear molecule in a static crystal-field.
Thus the proposed technique is able to treat the quantum fluctuations properly and
to connect smoothly quantum and classical limits with one simulation procedure. In
addition, one can switch from quantum to classical simulations very easily by just
changing one parameter in the program, the Trotter dimension. This has the great
advantage of studying directly the influence of quantum effects in a particular model
system.

However, the PIMC algorithm suffers severely from the well known sign problem
of quantum simulations. The major drawback is that quantities like energy and heat
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capacity are accessible in principle, but only with an extremely large statistical
effort. The investigation of a general method to deal with highly oscillatory inte-
grands in MC sampling, as met in real-time or many-fermion quantum simulations,
is an outstanding problem of computational quantum physics. Despite impressive
progress in this field such as stationary-phase [56,57] or related PIMC schemes
[58,59], “analytical-fluctuation-summation-> PIMC [60], coherent-PIMC [61],
“correlated”-PIMC {62}, or the Maximum-Entropy approach [63], no general method
suited for many-body PIMC simulations is known. Such a method suited also for
many-rotator systems, which is the next desired step of the present approach, would
help to find a better implementation of the presented formulation. Thus the results
of this communication should be viewed only as the first step towards the devel-
opment of a microscopic numerical method to investigate the influence of quantum
fluctuations at finite temperatures on orientational phase transitions of linear
molecules either on surfaces or in the bulk which goes beyond mean-field-like
techniques.
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